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ABSTRACT

A block hybrid method for solution of second order singular 
problems in ordinary differential equations is proposed 
in this work. For this purpose, two basis functions were 
combined for the development of a continuous hybrid 
schemes using collocation and interpolation technique. 
To make the continuous scheme self-starting, a block 
method of discrete hybrid form was derived. The scheme 
was analyzed using appropriate existing definitions to 
investigate their stability, consistency and convergence 
which were then shown to be consistent, zero-stable 
and hence convergent. Illustrative examples have been 
discussed to demonstrate the validity and applicability of 
the technique and the results have been compared with 
those of existing methods.
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INTRODUCTION

Some problems arising from the fields of sciences, 
engineering and many physical phenomena are 
represented by mathematical models. These mathematical 
models can be written in form of second order singular 
differential equations as:

         (1)
with initial conditions

where (1) is singular at  and ,  are 
non-linear continuous functions. However, solutions to 
certain differential equations are very difficult to obtain 
or cannot be found analytically due to its singularity as 
the approximate solutions lose their accuracy in the 
neighbourhood of the singular points; hence the need 
to derive numerical methods for the solution of such 
problems becomes necessary. Over the years, techniques 
for the numerical solution of second order singular initial 
value problems have been reported. These include, among 
others; implicit Euler method presented by Koch et al. 
(2000), Adomian decomposition method employed by 
Wazwaz (2001), Backward Euler method employed 
by Benko et al. (2009), Chebyshev polynomial and the 
collocation method reported by Changqing and Jianhua 
(2010), Second derivative multistep method developed 
by Hojjati and Parand (2011), Chebyshev wavelet finite 
difference method employed by Nasab et al. (2013), 
Legendre operational matrix employed by Jung et al. 
(2014). Numerous methods used in existing literature 
include: a new implicit method presented by Hasan et al. 
(2014), Haar wavelet collocation method employed by 
Shiralashetti et al. (2016), Chebyshev Wavelet Collocation 
Method (CWCM) employed by Shiralashetti and Deshi 
(2016), Residual-power series method present by Iryna 
et al. (2016) and non-standard finite difference schemes 
of Najafi and Yaghoubi (2017). Various researchers have 
attempted to solve these kinds of problems. Wazwaz (2001, 
2005) presented series and exact solution to Lane-Emden 
and Emden-Fowler type of problems based on Adomian 
decomposition and modified Adomian decomposition 
methods. Koch et al. (2000) evaluated the approximate 
solution of the singular initial value problems by implicit 
Euler method and finally used an acceleration technique 
known as the Iterated defect correction to improve the 
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approximations. Yousefi (2006) presented a numerical 
method for solving the Lane-Emden equations as singular 
initial problems using integral operator and converted 
Lane-Emden equation into an integral equation and then 
applied Legendre wavelet approximations. He exploited 
the Legendre wave properties together with the Gaussian 
integration method to reduce the integral equations 
to the solution of algebraic equations. Hasan and Zhu 
(2007, 2008) solved such a singular initial value problem 
by Taylor series and modified Adomian decomposition 
methods. Robert et al. (2008) presented analytic and 
numerical solutions for the Lane-Emden equations. They 
used traditional power series approach and the Homotopy 
Analysis Method (HAM) to obtain the solutions. A series 
solution obtained by HAM converged in a large interval 
than in the case of the corresponding traditional series 
solutions. Marzban et al. (2008) employed hybrid functions 
for nonlinear initial value problems with applications of 
Lane-Emden equations. Benko et al. (2009) also evaluated 
singular initial value problems of the Lane-Emden type 
equations by implicit Euler method. Hasan et al. (2014a, 
b) derived an implicit method for solving first and second 
singular initial value problems, which give more accurate 
result than those obtained by the implicit Euler and 
second order implicit Runge-Kutta methods. Changqing 
and Jianhua (2010) developed a numerical method for 
Lane-Emden equations using Chebyshev polynomials 
and the collocation method. A reliable algorithm based 
on Chebyshev polynomials and collocation method in 
order to obtain approximate solution for the Lane-Emden 
equation were thereby presented.

Hojjati and Parand (2011) proposed an efficient 
computational algorithm for solving the nonlinear Lane-
Emden type equations. A new second derivative multistep 
methods that solve Lane-Emden type equation was thus 
introduced. Maria et al. (2013) presented a numerical 

solution of Emden’s using Adomian polynomials. The 
outcome showed that Adomian’s method yielded an 
approximate solution which overlaps with the exact 
solution. Jung et al. (2014) introduced an approach 
using tau method based on Legendre operational matrix 
differentiation for solving general form of second order 
linear and non linear ordinary differential equations; the 
actual problem is converted into a system of algebraic 
equations whose solutions are the Legendre coefficients. 
Iryna et al. (2016) applied residual power series method 
in order to obtain efficient analytical numerical solutions 
for a class of non linear systems of initial value problems 
with infinitely many singularities; the method provide 
analytical solution in terms of a rapid convergence series 
with easily computable components. Shiralashetti et 
al. (2016) defined a new method, named Haar wavelet 
collocation method, numerical solutions of singular initial 
value problem of integral equations, ordinary and partial 
differential equations were obtained by the method. 
Najafi and Yaghoubi (2017) constructed a non-standard 
finite difference schemes for numerical solution of non-
linear Lane-Emden type equations, the use of the method 
and its approximations play an important role for the 
formation of stable numerical methods. Ogunniran et 
al. (2020) presented the solution of a class of singular 
problems called Lane-Emden equations using family of 
Runge-kutta techniques. Also, an optimized method for 
solving resulting stiff system which may arise from the 
decomposition of singular problems were presented by 
Ogunniran et al. (2020).

Orthogonal Polynomials

Orthogonal polynomials have found widespread use in 
all areas of science and engineering. Typically, they are 
used as trial functions to expand other more complicated 
functions in which, many at times, arise from initial or 
boundary value problems.

Consider the equation:

                      		             					               (2)

with

where the weight function  is continuous and positive on  such that the moments:

                		      					                (3)
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exist and  is a non-zero constant. Then the integral

denotes an inner product of the polynomials  and .
For orthogonality,

The orthogonal polynomial valid in the interval  and with respect to weight function 
 was constructed (Adeniyi and Yahaya, 2014) as:

       	                   			              (4)

The orthogonal polynomial above is now been shifted in the interval  with respect to the weight function 
. The first seven members of the shifted polynomial are given below:

Chebyshev Polynomials

The Chebyshev polynomial of the first kind is given as:

 			         							                  (5)

Let  implies that . Putting  in (5), we have:
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					              		        				               (6)

For ,

	

and for ,

	

It now implies that:

 			          							                  (7)

 			          							                  (8)

By identity,

 							                  (9)
Substituting equations (7)-(8) into (9), we have:

 									                  (10)
or

 	                  							                (11)

 	      								                 (12)
              
The shifted chebyshev polynomials of the first kind are orthogonal on the support interval  with weight function:

and normalized by the requirement that 

 satisfies the three-term recurrence relation:

with starting values

METHODOLOGY

Introduction

We consider the IVP (1), that is

where  is the step number.
Let the approximate solution be given as a combination of two basis functions in the form:

 					              (13)

where , ,  and  are real coefficients to be determined, , 
 is the number of collocation points,  is the number of interpolation points,  is a shifted 

constructed polynomial and  is a shifted Chebyshev polynomial,  is a constant step size of the 
partition of interval  which is given by: 
Differentiating (13) twice gives:
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 								                (14)

Derivation of the Proposed Method

Here, we consider a three-step with three off-step points method. The points are equally carefully selected to guarantee the 

zero-stability of the method. The three off-step points are  and  respectively using (13) with  

and , we have a polynomial of degree  as follows:

 		    							                (15)

where 

The second derivative is given by:

 								                 (16)

Substituting (16) in (15) gives:

 							                (17)

Now, interpolating equation (15) at  and  and collocating (17) at all the points in selected interval 

 and  gives the system of equations which were solved and the obtained unknown 

coefficients were substituted into (13) and (14). The resulting formulae were collocated and interpolated at the points 

 and , which leads to the block method as below:

		    											                    (18)
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ANALYSIS OF THE METHODS

In this section, we analyze the derived schemes by determining the order and error constant, consistency, zero stability and 
region of absolute stability of the schemes.

• Order and Error Constant of Main Method
Taylor Series expansion of main method of (18) gives the order  and error constant as 

• Order and Error Constant of the Block Method

Similarly, Taylor Series expansion on each of (18) to get the order  and error constants as

• Consistency

Consistency of the main method:

The first and the second characteristic polynomials of the main method are given by:

and

Consequently, (18) is consistent since it satisfies the following:

 the order of the method is 

,thus: 
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Zero-Stability of the Method

Zero-stability of Main Method
The first and second characteristics polynomial of (18) are given as:

 										                   (19)

equating (19) to zero and solving for  gives:

Zero-Stability of Block Method
By definition,

 											                    (20)
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Equating to zero and solving for  gives:

Hence,the method is zero-stable.

Convergence

The block method (18) is convergent since it satisfies the necessary and sufficient conditions of consistency and zero-
stability.

Region of Absolute Stability

Figure 1: Region of Absolute Stability of Method (18)
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NUMERICAL RESULTS

In this section, we shall consider the application of the derived schemes to three test problems for efficiency and accuracy 
of the methods. Error contained here is Absolute which was obtained as the absolute difference between the derived 
method and Exact. CBH is the Three-step Block Hybrid Method of three off-step points.

Problem 1: Linear non-homogeneous problem

Exact solution:

Problem 2: Linear singular non-homogeneous Lane-Emdem equation

Exact solution:

Problem 3: Linear singular initial value problem

Exact solution:

Table  1: Numerical Comparison for Problem 1.

Exact
CBHM Error in CBHM

Error in Benko et al. (2008)

0.1 1.001666944 1.001804713 1.37796e-4 1.56289e-4
0.2 1.006671115 1.006819294 1.48179e-4 1.56353e-4
0.3 1.015022549 1.015174206 1.51657e-4 1.56462e-4
0.4 1.026738050 1.026891456 1.53406e-4 1.56613e-4
0.5 1.041841318 1.041995780 1.54462e-4 1.56805e-4
0.6 1.060363114 1.060518286 1.55172e-4 1.57039e-4
0.7 1.082341489 1.082497173 1.55684e-4 1.57313e-4
0.8 1.107822064 1.107978137 1.56073e-4 1.57626e-4
0.9 1.136858375 1.137014754 1.56379e-4 1.57977e-4
1.0 1.169512278 1.169668106 1.56628e-4 1.58363e-4
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 Table 2: Numerical Comparison for Problem 2.
Exact

CBHM Error in CBHM
Error in Shiralashetti

et al. (2016)
0.03125 -0.00002956390380 -0.00002956390387 7.0000e-14 1.9000e-5
0.09375 -0.00074672698980 -0.00074672698980 0.0000 1.0600e-4
0.15625 -0.00321865081800 -0.00321865081800 0.0000 1.1400e-4
0.21875 -0.00817775726600 -0.00817775726300 3.0000e-12 1.4300e-4
0.28125 -0.01599025726000 -0.01599025726000 0.0000e 1.5800e-4
0.34375 -0.02665615082000 -0.02665615082000 0.0000 1.5900e-4
0.40625 -0.03980922699000 -0.03980922699000 0.0000 1.4900e-4
0.46875 -0.05471706392000 -0.05471706391000 1.0000e-11 1.2700e-4
0.53125 -0.07028102873000 -0.07028102876000 3.0000e-11 9.3000e-5
0.59375 -0.08503627779000 -0.08503627778000 1.0000e-11 4.6000e-5
0.65625 -0.09715175628000 -0.09715175629000 1.0000e-11 1.2000e-5
0.71875 -0.10443019870000 -0.10443019870000 0.0000 8.1000e-5
0.78125 -0.10430812840000 -0.10430812840000 0.0000 1.6200e-4
0.84375 -0.09385585784000 -0.09385585794000 1.0000e-10 2.5500e-4
0.90625 -0.06977748871000 -0.06977748881000 1.0000e-10 3.5900e-4
0.96875 -0.02841091156000 -0.02841091167000 1.1000e-10 4.7500e-4

 Table 3:  Numerical Comparison for Problem 3.

Exact
CBHM Error in CBHM

Error in Shiralashetti

and Deshi (2016)
0.03125 1.000977039 1.001250479 2.7344e-4 7.0955e-4
0.09375 1.008827800 1.009169430 3.4163e-4 7.1675e-4
0.15625 1.024714526 1.025074458 3.5993e-4 7.2766e-4
0.21875 1.049014931 1.049388850 3.7391e-4 7.4561e-4
0.28125 1.082314239 1.082702986 3.8874e-4 7.6845e-4
0.34375 1.125428737 1.125834795 4.0605e-4 7.9887e-4
0.40625 1.179439190 1.179865951 4.2676e-4 8.3819e-4
0.46875 1.245736053 1.246187654 4.5160e-4 8.8406e-4
0.53125 1.326079126 1.326560468 4.8134e-4 3.9594e-3
0.59375 1.422675228 1.423192090 5.1686e-4 4.6815e-3
0.65625 1.538278698 1.538837904 5.5920e-4 5.3890e-3
0.71875 1.676321086 1.676930738 6.0965e-4 6.1228e-3
0.78125 1.841078539 1.841748313 6.6977e-4 6.9174e-3
0.84375 2.037888173 2.038629703 7.4153e-4 7.8063e-3
0.90625 2.273428541 2.274255900 8.2735e-4 8.8252e-3
0.96875 2.556084416 2.557014737 9.3032e-4 1.0013e-2

CONCLUSION

A block hybrid method has been proposed for solving 
second order singular ordinary differential equations via 
the interpolation and collocation approach. The developed 
method is zero-stable, consistent and convergent. The 
numerical results show that the methods perform 
favourably well when compared with existing methods.
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