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Abstract Introduction

The Fuglede-Putnam Theorems were first established by ~ For operators with closed range there exist a unique inverse
Fuglede [1950] and Putnam [1951] where they gave results often referred to as the Moore-Penrose inverse. For

on bounded operators commuting with normal operators. T € C(H), with R(T) = R(T*), then T is an EP operator.
Fuglede [1950] showed that if P € B{H} commutes with a The Fuglede-Putnam Theorems do not hold in general for
normal operator T, then it also commutes with its adjoint ~ EP operators but under some conditions they hold true.
T". Putnam[1951] extended the results to two normal Fuglede [1950] came up with a result generally referred
operators, T and S commuting with a bounded operator ~ to as Fuglede theorem which was later generalized by
P € B(H). The study on commuting operators plays avital ~ Putnam [1951]. Fuglede [1950] showed that for P € B{H
role in operator theory where quantities are represented by ) and normal operator T such that [BT]=0, then (2. T"1=10

operators and if operators are commuting, thenitmeansthe . Putnam [1951] extended the same result to two normal
quantities can be observed at the same time. In this paper,  operators. In particular, the author showed that if T. 5 are
it is established that Fuglede-Putnam theorems holds true normal operators and P € B(H) a bounded linear operator
for EP operators under certain commutativity conditions such that C[S.T]P =0, then CIS.T]P =0. Mahmood
involving the operators TT", T*T™, 55%and 5°5% as well ~ [2017] extended the same results to two normal operators
as for injective operators or operators with dense range. ~ and two bounded operators. Mecheri [2004] came up
Results on Fuglede-Putnam type commutativity theorems ~ with results involving Fuglede - Putnam theorems on
when the adjoint is replaced with Moore-Penrose inverse ~ p-hyponormal operators while Bachir and Prasad [2020]
and T being EP operator is replaced by either injective ~ extended the theorems to (a.¢) — normal operator,
operator or an operator with dense range are also shown. Several other scholars have worked on Fuglede-Putnam

theorems such as Duggal [2001]. A simple extension of
Mathematics subject classification: 47B20 theorems was given by Gong [1987] as well as Gupta
and Patel [1988]. A characterization of operator T € C(H)
where R(T) = R(T*) was discussed by Brock [1990].
In particular, the author showed that if an operator
has R(T) = R(T"). then [T.T*]1=0. It is known that if
[T.T*]= 0 tand R(T) is closed, then T is an EP-operator.

Keywords: Moore-Penrose inverse, EP operator, Fuglede-
Putnam Theorems
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Several authors have worked on operators as well as
matrices whose range equal to the range of its adjoint such
as Djordjevic and Koliha [2007], Campbell and Meyer
[1975], Katz and Pearl [1966], Meyer [1970], Mosic
[2017] among others. Johnson et al. [2021] extended the
results of Fuglede [1950] and Putnam [1951] to operators
whose ranges equal to the ranges of their adjoint operators.
In particular, they showed Fuglede and Putnam results
holds for operators whose range (null space) equal to the
range (null space) of their adjoint under some conditions.
The authors did that by replacing T*by T*. The study of
Fuglede-Putnam theorem on EP operators and injective
linear operators (and operators with dense range) is not
fully exhausted. This paper makes a continuation of this
study by giving results under conditions different from the
ones of other scholars. This paper shows that the Fuglede
and Putnam results holds for operators whose ranges equal
to the ranges of their adjoint operators (EP operators)
under conditions different from the ones stated by Johnson
et al. [2021]. That is, it is shown among others that, if
T € Bz (H) has range equal to the range of its adjoint and
P £ B(H) where

[P,T]=0 and [RT*T*] =0, then [P.T*] = 0. A number

Given T € B(H), then it’s:
e Normal if [T.T*]= 0.

e p-hyponormal if (T"T ¥ =(TT" for0 <p < 1.
e Orthogonal projection if T* =T =T".

of corollaries pertaining to these theorems are deduced
and extend them to two EP operators as well as two
bounded operators. It also establishes that the Fuglede-
Putnam results hold for either injective linear operators
and linear operators with dense range satisfying some given
conditions. Moreover, corollaries on Fuglede-Putnam
type commutativity theorems of Johnson et al. [2021] are
deduced. Particularly, Corollaries 3.2, Corollary 3.3 and
Corollary 3.4.

Notations and Terminology

In this paper, B(H) represents space of bounded linear
operators on H, Bg(H) —subset of B(H) with closed
range, L(H)- space of linear operators on H, R(T)-range
of T and R(T)- closure of R(T). N(T) - kernel of T and
N(T)~ orthogonal complement of N(T). If T and S are
two operators, then we will use [T.S]l =TS -5T =0+o
imply that the operators are commuting and C[S TIP = 0
for PT = 5P. For T € B¢ (H), T " is the adjoint of T where
< Txy === xT y = The unique operator X X satisfying
the conditions:(a) TXT =T, (b) XTX =X (¢) (TX)" = TX
, (d) (XT)" = XT is often referred to as Moore-Penrose
inverse of T.

o (0.} —normaloperator (0 = o0 = 1 = ¢)ife’T*T = TT* = ¢°T"T.

An operator or a matrix whose range equal to the range of its adjoint or their null spaces are equal is referred to as an EP-

operator.

Results

Remark 3.1

In Theorem A and Theorem B below, Johnson et al. [2021] gave results on a bounded operator commuting with Moore-

Penrose inverse of an EP operator. In Corollary 3.2, 3.3 and 3.4 below, commutativity of F € B(H), T*T(TT*) and

5¥5(55%) where T and S are EP-operators.

Theorem A (Johnson et al. [2021])

Let P £ B(H) and T.5 have ranges equal to the ranges of their adjoints.

(i)  If[BT]=0, then [RT*]= 0.
(ii)  IfPT = 5P, then C[S*.T*]P.

Theorem B (Johnson et al. [2021])
Let P.Q = B(H) and T. 5 be EP operators. If:

() PT=TQand QT =TP, then PT* =T*Qand QT* =T*F.
(i) PT=5Qand QT = SP then PT* = 5*Qand QT* = S*P.

Corollary 3.2
Let P € B(H) and T be an EP operator. If [P.T] = 0. then
B [B,T*T] = 0.
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Gy  PITT=TT*P.

Proof
(1) If P 2 B{(H) and T be an EP operator such that [P. T] = 0, then by Theorem A (i) above
PT* = T*P. Thus PT*T = T*PT = T*TF. Hence, [P.T*T] = 0.
(i) IFPT=TP then, [P,T*] =0.Hence, TT*P= TPT* = PTT*. Thus, [RTT*]= 0,

(iii) IfT is an EP-operator, then A(i) above indicates that [P, T*] = 0, so that

Note that for a bounded operator T in H, R(T) & N(T*) but if R(T) = R{T*) then R(T) E N(T).

Corollary 3.3

Let P € B(H) and T.S be EP operators where PT = 5P, then C[S*S, T*T]P =0 and
C[SS*. TT*]P =0,

Proof

Since P € B(H) and TS are EP operators such that C[S TIP = 0. then Theorem A (ii) above,
C[S*.T*]P = 0. Thus PT*T = S*PT = §*SP. Hence, C[S*S.T*TJP = 0

Also, PTT* = SPT* = 55*P, Thus, PTT* = 55+Pimplying C[SS"',TT"']P =0,

Corollary 3.4

Suppose P. @ € B{(H) and T. 5 are EP- operators where PT = 50 and QT = 5P then,
(i) S*S5P = PT*Tand 55*P = PTT*,

(ii) S*50=QT*Tand S5*Q=0QTT".

Proof

(i) If T.5hbe an EF operators such that FT = 50 and QT = 5F.then by Theorem B (ii) above

PT* = 5%0Q and QT* = S*P.Thus, FTTT =57 QT = S5*5P. Hence, PT*T = 5*5P. Also,

PTT* = SQT* = S5%P. Thus, PTT* = 55" P.Hence, C[5*5 T*T]P = 0 and

C[SS*.TT*]P = 0.

(ii) Similarly, QT*T = S*PT = 575Qimplying QT*T = 575Q. Also, QTT* = SPT* = 557Q Hence QTT™ = 557Q.
Hence, C[S*S.T*T]Q = 0 and C[S5*.TT*]Q = 0.

In the sequel, proofs are given for Fuglede-Putnam Theorems on EP operator under conditions different from the ones of
Johnson et al. [2021] in Theorem C and Theorem D below and results extended to two bounded operators and two EP
operators.

Theorem C (Johnson et al. [2021])
Let T be an EP- operator and P € B{H) where [PT]=0 and T"TP =FT"T, then [E.T"] = 0.

Theorem D (Johnson et al. [2021])

Suppose T.5 € C{H) are EP-operators and P € B(H) where TP = PT, then [T*.P] =0 in each these cases:
Q) cls'sT'TIP=10.

Gy ClsTsnTTIP=0.

Theorem 3.5
Let T € C(H) be an EP-operator and P € B(H). If[P.T] = 0 and [TT*.P] = 0, then [PT*] = 0.

Proof
Since, R(T} = R(T*) and P € B(H) such that PT=TP, then PT* = T*P. . So that
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PT* =P (TT*T)" = P(T*T)'T* =PT*TT* = T*PTT".If[P.TT*] = 0, then
PT* = T*PTT* =T*TT*P= (T*T)'T*P = (TT*T)°P = T*P. Thus PT* = T*P.

Example 3.6

Define an EP-operator T on H by

Tty %, %5, %g, o) = (% — %%y + X3, 2%; — X + X3, %y, ... ) and P € B(H) defined by

Pl %, ) = (3, —%; +3%; — %5, — 2% + %;.%,....) so that

T (%, %0, %y, %g0 o0 ) = (% + % + 2%g, —X; — Xg.%; + X3, Xy, .. ). so that

PTT (3. %p ¥a. ¥y o ) = (3 + 2%; + 33, —4xy — 23, — 63y, —33; — 332, %0, .0 L

TTP(%y. %5, %53y, o ) = (7% + 63p — 35,83 + 6 — 23, — 153, + 123, — 3%5.%,. ... ). This implies PTT" = TT'P.
By computing PT" and TP,

we have PT (3, %5, %3, %y, o) = (=% — ¥g. — 2%, — 2355 — 45, — 3%, — 2%, — 3%,.%,, .. ) = TP

(st 3.3, %y, o ) = (=03, + 4w, — 3, 2%, — 23, — 3%, + 2%, — XXy ).

This implies that the conditions cannot be overlooked for the conclusion to hold.

Corollary 3.7

Suppose T € C(H) is an EP-operator and P.Q € B(H) such that PT = TQ and QT = TP. I

n C[Q.P]TT* = 0, then [P.T*] = 0.

)  CIP.QITT =0, then [Q.T"] = 0.

Proof

(i) If PT = TQ and QT = TP, then PT* = T*Q so that

PT*=PFTT*T)=FT T T =PT *TT" = T*QTT"If QTT* = TT"P. then

PT* = T*QTT*=T*TT'P=T"'P. Thus PFT* =T"P.

(ii) Tracing (i) above the proof carries through. That is interchanging the roles of P and Q.

Theorem 3.8

Suppose T.5 € C(H) are EP-operators and P.Q € B(H) such that C[P.QIT = 0 and C[Q.PIT = 0.1f:
(i) QTT* =TT"Q. then C[P,QIT* = 0.

)  PTT"=TTP thenPT" = T°Q.

Proof

(i) Since PT = TQ and QT = TP =0, then PT* = T*Q. So that

PT* =P (IT*T)* =P(T*T)'T*= PT *TT* = T *QIT".If[Q.TT*] = 0, then

PT* = T*QTT*=T*TT°Q= T*Q. Thus PT* = T*Q implying C[P,QIT"= 0,

(ii) Similarly, from the stated conditions C[Q.P]T* = 0.Thus,

then

QT = T*PIT" =T*TT'P=T'PQT" = T*PTT =T *TT P = T"P. Hence, [Q.F]T" = 0.

Remark 3.9

From the literature, an operator that has closed range and commutes with its adjoint is an EP operator but the converse
is not true. As a result, in the Theorem 3.10 below, it is shown that Fuglede and Putnam results holds for operators
whose null spaces equal to those of their adjoint operators (EP operators) under the given conditions and extend it to
two bounded operators in Theorem 3.12 that follow.

Theorem 3.10

Suppose T, 5 € C(H) are EP-operators and P € B(H) such that PT = TQ. If C[S5*, TT*]P = 0, then C[S", T"]P = 0.

Proof

If T, S are EP-operators and P € B{H} such that PT=TQ, then cls*.T*lp=10.

Sothat FT* =F({TT*T)" =F(T*T)'T"=PT *TT" = S*PTT".If C[S5". TT"]F =0, then
PT* = S*PTT = 5755°F = 5°P. Thus C[5". T*]F = 0.

Example 3.11

Define EP-operators T and S on H by

Ty 30, %, %, ) = Gty 4305, 003,50, 0 )y S0 %, %, %, ) = (% +%2,%,0,%,, ... and
P £ B(H) defined by P(x;. %7, %z, .. ) = (%) — X, %3, 2%;.%4.... ) . In this case,

Af. J. Pure Appl. Sci. Vol. 4(1), 42 - 49, June 2023 45



PT(x,. %%, %y, oo ) = (3,55, 0.%y, . ) and SP(xy L %5, %5, %y, 0 ) = (%, %5, 0,%,. .. ). Thus PT = 5P,

Also, T-{xv HpaHgaEg W)= (%, 0.2 + %z, %4, .0). and S-{xLJx:szwa W)= (®yo %y + %2, 00%g,00 ).

So that PTT™ (%3, %3, %3, %4 . ) = (%0, 3% + %2, 0.%4,...) and

SS"P(®y. %3, %3, ¥g. o ) = (2% — g, %, 0L%,, ... ). This implies PTT" = 55°P. By computing PT™ and 5*P we have,
PT*(x,. %, %3, %y, 0o ) = (—%2,%, +%3,0,%,,..) and

575 Plx, %y, %g. Xy o ) = (X — Xg %, 0.%y,.. ). Thus PT™ = 5°P.

Thus the conditions are vital for the results to hold.

Theorem E (Mahmood [2017])

Suppose P.Q € B(H) and T. S € B(H) are normal operators such that:
(i) PT=TQand QT=TP, then PT" =T "Qand QT " =T"P.

(ii) PT = 5Q and QT = 5P, then PT" = 5°Qand QT" = 5°P.

Theorem 3.12

Let T.5 € C(H) be EP-operators and P,Q € B(H) such that PT = 5Q and QT = 5P, If:
(i) C[55°.TT"]P =0, then QT =5"P,

(ii) C[S55TT7]Q =0, then PT™ = 570,

Proof

(i) The stated conditions imply, PT* = 5%Qand QT* = 57P so that,

QT =Q(TT*Ty =Q(T*TyT" =QT *TT"= S *PTT".If PIT" =55"F, then

QT*= S*PTT" = 5755°P = 5P Thus QT" = §°P.

(i)  Again, PT" =P (TT*T)" = P(T*T)"T"= PT *TT" = §*QTT"If QTT = S5°Q, then
PT" = S*QTT" = 5755°Q = 5°Q. Thus PT" = 5°Q.

Theorem 3.13

Suppose T. 5 € C(H) are EP-operators and P.Q € B{H) such that PT = 5Q and QT = SP,
[fQTT* = 55°P. then C[5*. T*] P= 0,

Proof

The stated conditions imply PT* = 57Q. So that,

PT*=PFTT*Ty=FT T T =PT *TT" = S*QTT . IfQTT"* = 55°P, then

PT* = S*QTT " =5%55"FP = S°F. Thus C[5". TP =10

Theorem 3.14

Let T € C(H)} be an EP-operator and P € B(H) such that PT = TP, Given [F,T*T*] =0, then [P.T"] = 0.
Proof

We first note that T* = (TT*T)* = (T*T)'T* = T *TT". Also, PT* = PT*TT*.Now,
[B.T*]=0. Thus, PFT* =PFT*TT" =T*PTT". Now,

PT*=T*PTT =T TPT " =T TPT"TT*=T*TPT"T*T. Since [F.T*T*] = 0. then
PT*=-T*TPT"T*'T= T TT'T*PT=T*TT'T*TP =T T(TT*T)'P =T TT"P=T"P.

Thus, [B.T] =0,

It is important to note that T* =T *TT" =T"TT* Since T"=(TT*T )" = (T'T)T =T *TT" and

T =(TT*T) = T*(TT* )" = T*TT*.
Theorem 3.15

Suppose T.5 € C(H) are EP-operators and P, @ € B{H) such that PT = 5Q and QT = SP.
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IfCISS*. T"T*]P=10, then PT* = 5°Q.

Proof

The assumed conditions indicates that PFT ¥ = 5% Q and as a result,

PT* = PT*TT" =5*QTT " =S*SPFT" = S*SPT"TT*=S*SPT'T*T. Since, C[S*S*. T'T*]P = 0. then
PT* =S*SPT"T*T = S*S8°5*PT = S§*55°5%50Q = §*55°Q = 5°Q. Thus, PT" = 5°Q.

Theorem 3.16

Suppose T.5 € C(H) are EP-operators and P € L{H)} where PT = 5P, IfC[S*5%, T*T*]P =0, then PT* =5"P,
Proof

The assumed conditions indicates that PT * = 5 *F.

Thus, PT* = B{T*T)T"=PT *TT" = S*PTT" = 5*5PT" = S*SPT"TT*=5*SPFT"T"T.

By assumption C[5"5*,T*T*]P = 0. Hence,

PT* = 5*SPT"T*T=5%55"S*PT = 5*55°5"5FP =5*55"P =5"P,

Thus, FT"=5"F.

Corollary 3.17

Suppose T. 5 € C(H) are EP-operators and P.Q € B(H) such that PT = 5Q and QT = 5P.

IfPT*T* = §°5%Q, then C[S. TP = 0.

Proof

From the stated conditions, PT * = 5% and consequently follows that,

PT* = PT*TT " =5*QTT " =5*5PT" = S*SPT*TT*=5*5PT"T*T. Since FT"T* = 5°5%Q .then

PT* =S5*SPT*T*T = 5*S85°5*QT = 5*58°5%5P = 5+55°P = 5°P. Thus, PT* = 5°P

Remark 3.18

It is worth noting that interchanging the roles of P and Q in Theorem 3.16 above, we have QT" = S°P. Again, in
Corollary 3.17 note that interchanging the roles of Q and P then C[5".T"]Q = 0. Theorem 3.19 below extends Theorem
C and Theorem D above to injective linear operators as well as linear operators with dense range without necessarily the
operators being EP operators.

Theorem 3.19

Suppose P, T € C(H) and PT=TP, then PT* = T*P under each of these conditions:

(i) PT°T =T TPand E({(T) = H.

(ii) [B,TT"] = 0and T is one — to — one.

Proof

(1) If PT = TP, then T'PT =T"TP = PT"T. That is PT"T = T"PT. This implies that PT"T—T"PT =0 and
(PT* —T*PJT =0 Since T has a dense range, then PT* — T*P = 0.Hence, [P.T*] = 0.

(i1) F[E.TT]=0and [F.T] =0, then TFT" =PFTT" =TT P.So that TT'"F —TPFT" =0 and
T(T*P—PT*) =0 Since N(T) = 0, then T*P—PT* = 0.Hence, [P.T*] = 0.

Corollary 3.20

Given a quasiaffinity T and P € B{H), let PT=TP. If [E.T*T] = 0or [P,TT*] = 0. then [P.T*] = 0.

Proof

T being a quasiaffinity implies T is one-to-one and has dense range. Hence by Theorem 3.19 above, the results follow.
Corollary 3.21

Let P,Q.T & B(H) satisfy PT = TQ. If:

@ C[P.Q]T'T = 0and T has a dense range, then [P.T"] = 0.

(ii) C[P.Q]TT" = 0 and T is one-one, then [Q.T"] = 0.

Proof

()  IFCIR.QIT'T=0 and CIP,QIT = 0, then PT"T = T*TQ = T°PT implying PT*T — T°PT = 0. Thus

(PT* —T*P)T = 0 If R(T) = H, then PT* — T*P = 0. Implying [P.T*] = 0.

(i) By the hypothesis, if PTT" =TT (Q and FPT = TQ. Thus,

IT°Q= PIT" =TQT .50 that. TQT" - TT'Q = 0. This impliesT(QT" —T"Q) =0. Since T is one-to-one, then
QT"—T°Q = 0and QT" = T*Q implying [Q.T] = 0.
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Corollary 3.22
Let P,Q.5, T € B(H) be such that PT = 5Q.1i:

(i) PT"T = 5750 and T has a denze range, then C[5".T"]P = 0.
(ii) PTT® =55"Q and 5is one — one, then C[5".T7]Q = 0.
Proof

(i) If PT"T = 5°50Q and PT = 5Q. then PT*T = 5"50 = S*PT implying PT"T = 5°PT and
PT*T — S*PT = 0.Thus, (PT* — 5*PJT = 0. If T has a dense range, then PT* — 5°P = 0. Thus
PT" = 5"P implying C[5".T"]P = 0.

(ii) IfPTT" = 55°0Q and PT = 5Q, then 5QT" = PTT" = 55" and 5QT" = 55"Q. Hence..
SQT" —55°0 = 0.Thus, 5(QT* - 5°Q) = 0. If S is one-one, then QT " —5"Q =0. Thus.
QT" = 5°Qimplying C[5".T"]Q =0.

Remark 3.23

By replacing the adjoint of T with T in Theorem 3.19 above and Corollary 3.21 above, the following Fuglede-Putnam
type commutativity theorems are obtained as illustrated in following results.

Theorem 3.24

Suppose P.T & C(H) and PT=TP, then PT* = T*P in each of these conditions:

0 PT*T = TT*Pand R(T) = H,

(i) [P.TT*]=0and T is one-one.

Proof

Follows from Theorem 3.19 above by replacing the adjoint of T with its Moore-Penrose
inverse. That is substitute T* for T* in Theorem 3.19 above.

Corollary 3.25

Let P, Q.T € B(H) be such that PT = TQ. If

PT*T = T*TQ and R(T) = H, then [P, T*]=0.

82) C[P.Q]TT* = Oand Tis one — one, then [Q.T*]= 0.
Proof

Follows from Corollary 3.21 above by replacing T by T

Corollary 3.26

Let P, Q5. T € B(H) where PT = 5Q.If:

(i) PT*T = 5%5Q and T has a dense range, then C[ST, T*]P= 0.
(i) PTT* = 55" Q and 5is one — one, then C[S*, T*]Q = 0.
Proof

Substituting T" for T* in Corollary 3.22 above the results follows.
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