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ABSTRACT

Theoretical results for positron and electron elastic 
scattering from beryllium atom at incident energies 
ranging from the first inelastic threshold to 200 eV 
are presented. Elastic, total, momentum transfer, and 
differential cross sections are computed using both 
the first order distorted wave Born approximation and 
the optical potential approaches utilizing a complex 
potential. We have shown that our data agree fairly well 
with the available data and provided the details of the 
Physics in case of discrepancies. This study demonstrates 
the importance of accurate atomic elastic scattering cross 
sections.
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distorted wave Born approximation  

INTRODUCTION

Understanding the complexities of projectile-target 
interaction and collision process dynamics entails a 
consciousness of the elastic scattering of projectiles by 
atomic targets. Atomic beryllium is an overwhelmingly 
favorite material for coating the walls of fusion plasma 
reactors due to its low atomic number (Reid and Wadehra, 
2020 and references therein). Additionally, walls with 
beryllium coatings offer excellent heat conductivity for 
use in magnetic fusion applications and scattering from 
a thin beryllium window is crucial process in electron 
accelerators (Wisniewski et al., 2015). 

Despite these practical applications, not much is known 
about the interactions of atomic beryllium with either 
electrons or their antiparticles. Accurate cross sections for 
electron and positron scattering by atomic beryllium are 
thus of current interest. 

Because of their low positronium (Ps) formation 
threshold, atoms of group two elements offer an intriguing 
set of targets. For beryllium, the ionization potential 

2.523≈ eV above the binding energy of a positronium 
(6.8 eV). Not much research has been done on electron- 
and positron-beryllium collisions (Singh et al., 2018). 
Nonetheless, several approaches including optical 
potential (Reid and Wadehra, 2020) relativistic polarized 
orbital approximation (Szmytkowski, 1993), R-matrix 
(Zatsarinny and Bartschat, 2013) and convergent close-
coupling (Fursa and Bray, 2012; Savage et al., 2011; 
Utamuratov et al., 2012) methods have been applied 
to calculate cross sections of both electron and positron 
impact.

THEORETICAL METHODOLOGY

Distorted Wave Born Approximation (DWBA) is a 
theoretical technique in Scattering Theory in which the 
alteration of the field owing to scattering events is thought 
to be minimal. The DWBA transition matrix (T-matrix) 
element is expressed:

1 2
0 0 0 0
DWBA D D E

i i i iT T T T= + − 			       (1)
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where 1
0
D

iT  and 2
0
D

iT  are the first and second direct terms while 0
E

iT  is the exchange T- matrix element; and are respectively 

given in computational form as:
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1
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iT f θ

π
= − 				         							                  (2)

where ( )f θ is the elastic scattering amplitude.
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where ( ) ( ),st optU U r U r = − Ε   is the reduced residual potential. 

The exchange T-matrix element is approximated by;
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In the OP method, the transition matrix is expressed as:
1

0 0
OP D

i iT T= 								          		                                       (5)

where  1
0
D

iT  is given by equation (2). The positron can be distinguished from atomic electrons hence the:

i)	 real part of equation (6) does not contain the potential given by equation (9), and

ii)	 DWBA T-matrix (equation 1) does not contain the third term given by equation (4).

In the present study, the interaction potential, ( ), ,optU r Ε  is taken in an approximate form as: 

( ) ( )0 , ,i opt real absU U U r U iU r= = Ε = + Ε 	   			               		                                      (6)

Where: (i)  ( ) ( ) ( ), ,real st ex polU U r U r U r= + Ε + Ε  for electron scattering, and

	   (ii)  ( ) ( ),real st polU U r U r= + Ε  for positron scattering.

The radial wavefunctions of beryllium calculated and tabulated by (Bunge et al., 1993) have been utilized in evaluating 

the complex optical potential. The radial distorted (partial) waves, ( ),l k rχ , which are elastic scattering wave functions 

from the target,  satisfy the radial Schrödinger equation

( ) ( ) ( )
2

2
2 2

2 1
, , 0.opt l

l ld U r k k r
dr r
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+ 

− − Ε + = 
 

					           		             (7)

Distorting potentials	

The complex potential consists of static, exchange, polarization and absorption potentials; each of these distorting 

potentials account for a particular physical effect of electron- and positron-atomic beryllium scattering. The local static 

potential is given by: 
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where 4Ζ =  while 1q = −  for electron and 1q = +  for positron scattering. The exchange potential for electron scattering 

is given by (Furness and McCarthy, 1973)

	

 ( ) ( )( ) ( )( ) ( )
1

221, 4 .
2ex st stU r U r U r rπρ  Ε = Ε − − Ε − +   

                  		            (9)

In equation (9), ( )rρ  is the electronic charge density of the target atom
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π
= +∑                                                         		           (10)

The polarization potential is described by a long range and attractive potential (for both positron and electron) whose 

magnitude is dependent on the polarizability of the target’s electron cloud (Khare et al., 1985). The absorption potential 

of Staszewska et al. (1983) as modified by (Wechuli et al., 2022) was applied to account for absorption effects.

 ( ) ( ),
, I

abs

V r
U r

k
Ε

Ε = 						              		                   		           (11) 

where 2k = Ε   is the momentum wave vector and ( ),IV r Ε is the local absorption potential of Staszewska et al. (1983) 

which is given as:

 	 (i)  ( ) ( ) ( )1, ,
2I loc bV r T r rρ σΕ = − Ε

 
for electron scattering, and 

	 (ii) ( ) ( ) ( ), ,I loc bV r T r rρ σΕ = − Ε  for positron scattering in which the factor of one-half has been replaced 		

	       by one to account for absence of exchange effects.  

where ( )rρ  is the electronic charge density of the target atom, the local kinetic energy of the incident projectile 

( ) ( ), 2loc seT r UΕ = Ε−  with ( ) ( ),se st exU U r U r= + Ε  and ( )se stU U r=  respectively for electron and positron 

scattering while  bσ is as given by Staszewska et al. (1983). In this paper, we have applied the Chiari et al. (2012) 

absorption threshold given as: 

( ) ( )1 expe e p p m ∆ = ∆ − ∆ −∆ − Ε−∆ Ε  						          		           (12)

where for beryllium atom 5.830e∆ = eV, 2.523p∆ =  eV, Ε  is the projectile’s energy and 20mΕ =  eV.

Cross Sections

The differential cross section is given as:

( )
0

0
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kd
d k
σ π= Τ
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									              		           (13) 
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The total inelastic (absorption) cross section, ( ) ,absσ  whose value depends only on, ( ), ,absU r Ε  as given in equation 

(11), is same for both OP and DWBA methods and given herein as:

 ( )( )4
2 2 1 1 l
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l o

l e
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βπσ
∞

−

=

= + −∑ 				              			     		            (14) 

The total cross section, ( ) ,Tσ  is given by the optical theorem:  
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		                    		            			            (15) 

Using equations (14) and (15), the OP as well as the DWBA elastic cross section is given as:

el T absσ σ σ= − 	  					              		                  		          (16)

And since this work is based on calculation of phase shifts, ,δ  the momentum transfer cross section is given by: 
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= + −∑ 						                     		          (17)

RESULTS AND DISCUSSION

Electron_Beryllium differential cross sections

The present DWBA and OP, each with a complex 
potential, DCS results are respectively represented by 
DWBA_Present and OP_Present. The OP results of Reid 
and Wadehra with a complex potential are represented by 
R and W (2020) while those of Kaushik et al. (1983) with 
a real potential is denoted by K et al. 

At 3.0 eV (fig. 1(a)), the models agree well within an 
increasing deviation of 3.2%±  for forward scattering 
from the scattering angle 40θ ≤  . The existing difference 
between the present and the R and W (2020) model is 
occasioned by use of different values of d ; the parameter 
that avoids singularity at 0r =  in the Khare et al. (1983) 
polarization potential. Nonetheless, in all the three 
approximation models, a single prominent minimum 

occurs at 110θ ≈  . The position of the local minimum 
in DCS shifts toward forward scattering angles, broadens 
with increasing projectile-target impact energy and is 
expected to disappear after a certain limit.

At 5.0 eV (fig. 1(b)), the present DWBA and OP 
results are congenial save for the fact that the later 
slightly underestimates the former at the position of the 
local minimum which occurs at 110θ ≈  . This is not 
unexpected since DWBA T-matrix contains an extra 
direct and exchange terms respectively given herein 
by equations (3) and (4). The K et al. results generally 
overestimate the present models by 7.6%≈  for 50θ ≤ 

. This is because K et al. utilized a real potential (static, 
polarization and exchange) thus did not account for 
absorption effects. 
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Fig. 1(a): Differential cross sections for electron_beryllium atom elastic scattering at 3.0 eV: DWBA_ and OP_Present; R and W 
(2020) – Reid and Wadehra, 2020 DCS results each with a complex potential. Fig. 1(b): same as figure 1(a) but at 5.0 eV and K et 
al. – Kaushik et al. (1983) with a real potential.

At 10 eV (fig. 1(c)), DWBA and OP the results agree well 
except at the position of the local minimum. The cause of 
this discrepancy is already explained herein above. The K 
et al. results overestimates the present results at scattering 
angle 50θ ≤  ; which phenomenon is already accounted 
for. The local minimum shifts to 90θ ≈  . At 20 eV 

(fig 1(d)), a broader local minimum occurs at 70θ ≈ 

. At scattering angle 130 180 ,θ≤ ≤   all the three 
approximations yield results that tend to merge into one. 
This implies that as the impact energy increases, the cross 
sections are not so much dependent on the scattering 
angles.

Figures 1 (c) and 1 (d) : Same as Fig. 1 (b) but respectively at 10.0 eV and 20.0 eV

Positron_Beryllium differential cross section

The present first order distorted wave Born and the 
optical potential models, each with a complex potential, 
are respectively denoted by DWBA and OP.

At 10 eV (fig. 2(a)), the prominent local minimum 
occurs at 20θ =   and 30θ =   respectively for DWBA 
and OP models. The OP results overestimate the DWBA 
results by 13.94%≈  for 25θ ≤  . Leaving out the other 
components of the interaction potential, the residual 
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potential contains both the repulsive-static and attractive-
polarization potentials, the effects of which typically 
cancel out, resulting in relatively low DWBA DCS values 
for small scattering angles.

At 15.0 eV (fig. 2(b)), the local minimum occurs at 
18θ =   and 20θ =   respectively for DWBA and OP 

models. With increasing projectile impact energy, the 
precise location of the local minimum shifts to lower 
scattering angles. This phenomenon is consistent with the 

Classical Physics theory of interference and diffraction, 
which states that as projectile energy increases, the 
associated de Broglie wavelength decreases and the 
interference pattern shifts to smaller scattering angles.
At 20.0 eV (fig. 2(c)), the local minimum occurs at 

15θ =   and 18θ =   respectively for DWBA and OP 
models. The difference in DCS results up to around the 
position of the local minimum has already been explained 
herein.

Fig. 2(a): Differential cross sections for positron_beryllium atom elastic scattering at 10.0 eV: DWBA  and OP DCS 
results each with a complex potential. Fig. 2(b) and 2(c): Same as Fig. 2(a) but respectively at 15.0 eV and 20.0 eV

At 30.0 eV (fig. 2(d)), the local minimum occurs at 
12θ ≈   for both approximations. The magnitude of 

the difference in DCS up to around the position of 
the local minimum has significantly reduced. Further, 
the DCS values have reduced due to low contribution 
of the quadrupole term in the polarization potential. 
At 100.0 eV (fig. 2(e)), the local minimum occurs at 

8θ ≈   for both approximations. The depths of the 
minima have significantly reduced. These minima are 
introduced in the DCS structures once the polarization 

potential is incorporated into the interaction potential. 
This behavior is not unexpected since the polarization 
potential utilized in this study is energy-dependent hence 
its effect is anticipated to vanish at very high incident 
projectile’s energy. At 200.0 eV (fig. 2(f )), with rising 
scattering angles, the DCS values fall rapidly, resulting in 
a distinctive virtually structureless curve. This behavior is 
expected since at such high impact energy, from Classical 
Physics point of view, the large forward momentum of 
the incident projectile dominate the scattering effects.

Fig. 2(d), 2(e) and 2(f ): Same as Fig. 2(a) but respectively at 30.0 eV, 100.0 eV and 200.0 eV
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Electron-Beryllium Total Cross Section (TCS) 
and Elastic Cross Section (TECS)

In fig. 3, the OP_Present TECS results agree well with the 
relativistic calculations of McEachran et al. (2018) which 
overestimates the DWBA_Present data by 10.78%≈  at 
impact energies 45 200≤ Ε ≤ eV. The 1997 convergent 
close-coupling calculations of Fursa snd Bray and their 
recent work with Zatsarinny and Bartschat (2016) 
respectively underestimates the DWBA_Present data 
by 6.64%≈  for 105 200≤ Ε ≤ eV and 10.64%≈  
for 20 100≤ Ε ≤ eV. Similarly, the Reid and Wadehra 
(2020) OP results underestimates the DWBA_Present 
data by 6.64%≈  at 105 200≤ Ε ≤ eV. The disparity in 
results is due to the application of several distinct model 
potentials to account for the diverse physical effects of 
electron scattering by beryllium atoms.  

In fig. 4, the present TCS OP and DWBA results are 
respectively denoted by OP_e and DWBA_e, while 
R and W, Z et al. and F and B respectively denote the 
calculations of Reid and Wadehra (2020), Zatsarinny et 
al. (2016) and Fursa and Bray (1997).

The agreement among OP_e, DWBA_e and F and 
B is excellent. Further, there is very good agreement 
between the present calculations and the results of R and 
W save for the interval 55 175≤ Ε ≤ eV where R and 
W overestimates DWBA_e and OP_e respectively by 

4.963%≈  and 2.963%≈ . The Z et al. results slightly 
underestimates the present data. All the data show a drop 
with increasing impact energy, suggesting a decrease in 
scattering likelihood due to shorter projectile-target 
interaction time.

Fig. (3) and (4): Respectively Electron - Beryllium TECS and TCS at impact energies 5 200≤ Ε ≤ eV.

Positron-Beryllium Total Cross Section (TCS) 
and Elastic Cross Section (TECS)

In fig. 5, the present TECS dataset is denoted by 
DWBA_p, while the calculations of Reid and Wadehra 
(2020), Singh et al. (2018), Mitroy and Ivanov (2002), 
Raizada and Baluja (1996) and Szmytkowski (1993) are 
respectively represented by R and W, Si et al., M and I, R 
and B and Sz. 

At impact energies 100Ε ≤ eV, the data show markedly 
distinct tendencies. For the available data, the trends are 
consistent for 100Ε ≥ eV. This is not surprising given 
that at such high energies, the cross sections depend less 
on the interaction potential and more on the kinetic 
energy of the projectile.
In fig. 6, the present TCS dataset is denoted by DWBA_p, 
while the calculations of Reid and Wadehra (2020), Singh 

et al. (2018), Raizada and Baluja (1996) are respectively 
represented by R and W, Si et al. and R and B.
The present results agree quite well with the calculations 
of R and W. DWBA_p and Si et al. agrees fairly well for 

135Ε ≥ eV but the later underestimates the former for 
135Ε < eV. Although R and B exhibit similar trend as 

DWBA_p, the former greatly underestimates the later. 
This is expected since R and B utilized the empirical factor, 
( )

1
21 ,kr − 

   to account for positronium formation. At 10 
eV, their TECS = TCS = 15 Å suggesting zero absorption 
cross section yet beryllium’s Ps-formation threshold 

2.523≈ eV implying TCS is expected to be more than 
TECS at 10Ε = eV. R and B thus inadequately handled 
Ps-formation hence the difference between their results 
and our present data.
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Fig. (5) and (6): Respectively Positron - Beryllium TECS and TCS at impact energies 10 200≤ Ε ≤ eV.

Electron- and Positron-Beryllium Momentum 
Transfer Cross Section (MTCS) 

Fig. (7) and (8) are respectively the electron_beryllium 
and positron_beryllium momentum transfer cross 
sections. In fig (7), the present MTCS agrees fairly well 
with the McEachran et al. (2018) results but overestimates 
the Reid and Wadehra (2020) results by about an order-
of-magnitude at 10 100≤ Ε ≤ eV. In fig (8), the present 

MTCS exhibit similar trend in shape and structure with 
the data of Reid and Wadehra (2020) save that the later 
underestimates the present results by a factor of 0.8≈
. The reason for large discrepancy between Singh et al. 
(2018) and our results remains unclear although the 
Singh et al. (2018) results are somewhat unusual since 
one would expect that at high energies mtcs elσ σ<  
which, from their results, is not the case.

Fig. (7) and (8): Respectively electron_beryllium and positron_beryllium MTCS at impact energies 5 200≤ Ε ≤ eV.

CONCLUSIONS 

We have applied both the first order distorted wave Born 
approximation and the optical potential method with a 
complex potential to calculate DCS, TECS and TCS. 
With a complex potential, the agreement between the 
present OP and DWBA and other available DCS results 
is quite good. This affirms the minor influence of the 
DWBA T-matrix’s second direct term (equation 3) on 

DCS values. The positronium formation channel slightly 
increases the total cross sections at 150Ε ≤ eV. Its effect 
on the cross sections beyond 150 eV is negligible since 
the positronium formation channel extends from the 
positronium formation threshold to 150≈ eV. Noting 
the practical applications of electron- and positron- 
atomic beryllium scattering cross sections, experimental 
data would be of significant value in resolving the 
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discrepancy among available theoretical data.
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