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ABSTRACT

Optimal transport theory has traditionally been developed
in the context of classical r” spaces, where Wasserstein
metrics provide a natural geometry on the space of
probability measures with finite p-moments. However, in
many applications-such as in finance, statistical mechanics,
and the modelling of heavy-tailed phenomena-classical
1" spaces prove insufficient. This paper proposes a novel
generalization of optimal transport to Orlicz spaces, which
naturally extend the r” framework by accommodating
more general growth conditions via Young functions. We
introduce and rigorously define the Wasserstein-Orlicz
metric and explore its topological and geometric properties
on spaces of probability measures with finite Orlicz
norm. Key results include the extension of Kantorovich
duality to the Orlicz setting, as well as the derivation of
convexity and lower semicontinuity properties of entropy-
type functionals under the Wasserstein-Orlicz geometry.
Applications are presented in the context of stochastic
processes with heavy-tailed distributions, where the
classical assumptions of finite p-moments are violated. The
proposed framework opens a new avenue for analysing
optimal transport problems in nonstandard settings and
provides tools for applications in areas where data exhibits
non-Gaussian behaviour.

Keywords: Optimal Transport, Orlicz Spaces, Wasserstein-
Orlicz Metric, Convexity, Kantorovich Duality, and
Heavy-Tailed Distributions.

INTRODUCTION

The study of optimal transport has undergone remarkable
developmentsin recentdecades, with profoundimplications
across mathematics, statistics, and data science [12, 9].
This paper investigates the interplay between Orlicz spaces
and Wasserstein distances, introducing a novel framework
for probability measures with heavy-tailed distributions
where classical I¥ moments may not exist [7, 10].

Theoretical Foundations

Our work builds on three fundamental pillars:
1. Geometric Analysis in Measure Spaces: Following
the seminal gradient flow perspective developed in
[1], we extend the theory of geodesics to probability
measures equipped with Orlicz norms. The recent
advances in weak transport costs [4] and displacement
convexity [11] provide crucial technical tools.

2. Orlicz Space Theory: The structural properties of
Otlicz spaces, as comprehensively treated in [10],
allow us to handle growth conditions more general
than polynomial tails. This is particularly relevant
for heavy-tailed distributions in stochastic modelling
[6].

3. Computational Optimal Transport: While our
focus is theoretical, we maintain connections to
computational methods through the Sinkhorn
divergence framework [5] and the numerical analysis
perspective in [3].
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Key Contributions

Our main results advance the field in several directions:

o Wk establish existence and uniqueness of geodesics in
Wasserstein-Orlicz space (Theorem 3), generalizing
the t” theory from [1] to Orlicz norms. The proof
leverages measurable selection theorems and the
A,-condition as in [8].

e The dual (Theorem 4)
Kantorovich duality via Fenchel Rockafellar theory,

formulation extends

with particular attention to the Orlicz-Legendre
transform as developed in [10].

(Theorem 10), we
demonstrate how Wasserstein-Orlicz metrics remain

e For heavy-tailed models
finite where classical W diverges, complementing
recent work on nonparametric testing [6].

e The topological properties (Theorem 5), lower

semicontinuity of  Orliczentropy  functionals
(Theorem 6), stability under perturbations (Theorems
7-8), (Theorem 9), and

convexity of optimal transport paths (Theorem 10)

compactness ~criteria
further establish the robustness of the Wasserstein-
Orlicz framework.

Applications and Implications

The theoretical framework developed here has immediate
consequences for:
e Stochastic Processes: Our results enable rigorous
analysis of transport distances between heavy-tailed
distributions, addressing limitations noted in [7].

¢ Functional Inequalities: The displacement convexity
results (Theorem 9) extend the McCann theory [11]
to Orlicz-entropy functionals.

e Statistical Learning: The stability theorems

(Theorems 7-8) provide foundations for robust
inference in high-dimensional settings, connecting
to recent advances in [9].

Preliminaries

Orlicz Spaces and Young Functions

Definition 1 (Young Function). A function
#: [0,02) — [0.09] is called a Young function if iz is

convex, lower semicontinuous, and satisfies:

e FMM =0
lim®(t) = oo
° [—==

$ £ ODand ¢ £ owon (0 o)

We say € satisfies the 8y -conditionif 3C = 0andty, = 0

such that ®(2t) = C2(t) forallt = t, [10].

Definition 2 (Orlicz Space). For a Youno function € and
measure space (X, B, 1), the Orlicz space Al (X} is:

L (x) :{f:}c’ - R measurable : fj.'?('f{ﬂ—x”)dlﬂ: co }

equipped with the Luxemburg norm:

Iflg=inf{a=0: J, qb(m] di< oo}

Wasserstein Metrics

Definition 3 (p-Wasserstein Distance). For p = 1 and
wv € P(Xywv € P(X) (probability measures with

finite p — th p — th moments):
1/
. g
0,00~ (1 For 7 )

where T{W V) denotes the set of couplings [12].

Definition 4 (Wasserstein-Orlicz Distance). Given a Young

Sfunction @, the Wasserstein-Orlicz distance 7s:
d(xy)
.IF_J{X_J," (T) d}’{x' .'J'} =1

This generalizes both w, (when #(t) = £ ) and classical

Wo(wv) = inf{}t 0 inf

Orlicz norms [1].

Key Functional Inequalities
Theorem 1 (Kantorovich Duality). For lower semicontinuous
costc: XX — [0, 00]:

inf [edy= sup
rel{wr)

(f pdu+ [ pdv)
;11,-.'511'u'xt1[i::l
plxl+wlyl<oizy

The Orlicz-space version holds when c(x.¥) = ®(d(x.y))
witho,p € LI [11].
Theorem 2 (Displacement Convexity). For # strictly convex

and p, a W, geodesic:

Hylw)= (1 - B (n) + £ Hy(u)

where H , (p) := f #(du/dA)dA is the Orlicz entropy [1].
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Technical Tools

Lemma 1 (A -Condition Implications). For # satisfying 8,

o [%is reflexive and separable
o Strong and weak topologies coincide on bounded sets

o Uniform integrability: sup, [ ®(f )di = € = {f}
uniformly integrable [10]

Lemma 2 (Geodesic Spaces). A metric space (X.d) is
geodesic if ¥Wx.¥ € X.3 acurvey : [0.1] = X with:
d(y()r(8)) = Is - dld(xy).r(0) = xp(1) = ¥

For such spaces, F 3 (X} inherits geodesic structure [8].

Lemma 3 (Prokhorov’s Theorem). A family K = P(X} is
tight iff it is relatively compact in the weak topology. For

£ —F —bounded sets:

sup [ @ (n’{x.xﬂ}) dp = € = K tight 2].
Notation Table

P{X) Probability measures on X

pexy {re P(X): [2(d(xx))dp < o}

Gy Couplings with marginals . v

b, Legendre transform of ®

% Evaluation map ¥ = ¥(t]

4, Doubling condition for ®

Ho(W , ,

Orlicz entropy functional [ @ (dp/dA)dA
#
F:_D[ (v} Set of optimal transport plans for w,
p Density of u, with respect to reference

measure

RESULTS AND DISCUSSIONS

Theorem 3 (Existence and Uniqueness of Wasserstein-
Orlicz Geodesics). Ler P (X) be the space of probability
measures with finite Orlicz norm on a Polish space X. Assume
D is a Young function satisfying the A -condition. Then:
(i) For any two measures wv € P (X), there exists a
geodesic curve (W )repg 1y in Py (X) connecting p and v
with respect to the Wasserstein-Orlicz metric W,
(ii) If © is strictly convex, the geodesic is unique.
Proof. Let (X.d} be a complete, separable, geodesic metric
space and let # :
[0.o2) — [0.e2)be a Young function satisfying the

A -condition. The Wasserstein-
Orlicz distance between wv € P (X) is defined by

w, (uv) = inf Iinf{.fl =0t [y, qb(“':';-‘-'j dr(xy) <1} -
where I'(lL. v} is the set of transport plans with marginals
#and v.

Step 1: Existence of an optimal plan. Since ® satisfies the
A,-condition, the topology induced by the Orlicz norm is
compatible with weak convergence and moments of order
®. Consider a minimizing sequence (¥,) in (v} such
that

foxx'?(ﬂ.li:.j.':] ﬂ’}’r‘{x-_‘f} <1

A, =Wy (pva, = w,(nv)

By Prokhorov’s theorem, (¥, is tight in P(X % X}, hence
has a narrowly convergent subsequence (¥,;} = ¥. Lower
semicontinuity of y — f #(d(x, v) /) dy

yields

d(x.y)
[ '@( . ] dy(xy) =1
for A = W (wv). (wv). Thus y is optimal.

Step 2: Displacement interpolation. Let y be an
optimal plan. Since X is geodesic, for each (x.¥} there
exists a constant-speed geodesic Ty [0.1] = ¥ with
”.1-_5-{”] = xand U_f_-.-':l] =y . By the measurable

selection theorem, we can choose (x¥)7 — g .

measurably. Define
H = {g[]#ﬂ, = -IFJu'x.Ju"Eﬂ“J.- d}’{x':‘?]'

where e.(g) = o(t) . This (Mr)eeyy S called the
displacement interpolation between p and v.

Geodesic constant-speed

Step 3: property. By

parametrization of @, , we have
n‘{crl__,l.{s]. H.r_'.'{t:]] = |s — td(x v}

Using the definition of W, and Jensen’s inequality applied

to @, one obtains

W) = Is — €W, (),
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showing () is a geodesic in (P4 (X). W).
Step 4: Uniqueness under strict convexity. If ® is strictly
convex, then the cost functional

vy = [y ® (d{j J?}] dr(xy) =1

is strictly convex in ¥. Thus, the optimal transport plan

y is unique. In a nonbranching space, the displacement
interpolation determined by y is also unique. Hence the

Wasserstein-Orlicz geodesic between z and v is unique.
Example 1 (Power-type case () = £ p>1). Here P (X)
coincides with PP(X), the space of measures with finite p — th
moment, and

17

lwg-{H"“} = ( inf .IF_J{XJ." n’{x._j-‘]-“' d}’{x'f]:l i

rel(wy)

[fX = Rand p = J.r:.v = LE“_ri are Dirac masses, the
optimal plan is v = 8(xp.x) , and the geodesic is p,

=4 . Strict convexity of ®(t) = £ ensures

(1-t)x, +tx,

uniqueness.

Theorem 4 (Dual Formulation of Wasserstein-Orlicz
Distance). Let © be a lower semicontinuous, strictly convex
Young function and let W, be the Wasserstein Orlicz metric
on P (X). Then:
(i) The optimal transport cost admits a dual representation
involving Orlicz Legendre transforms.

(ii) The duality holds with equality under mild regularity

conditions on the cost function.

Proof- Let ® be a strictly convex, lower semicontinuous
Young function and let ®* denote its convex conjugate:

:I:*'{s} = sup{st— @{t]} .

tzd

Let c(x ¥) := ®(d(x.¥)} be the transport cost.

Step 1: Primal formulation. The Wasserstein-Orlicz
distance is given by

W, (wv) = inf inf{;l =0: [, . qb(d{jﬂ] dy(x.y) = 1}.

FEL (117

Step 2: Kantorovich duality with Orlicz costs. By
Fenchel-Rockafellar duality applied to the convex
functional

d(xy)

F(¥)f qb( ] dy(x.y)

subject to marginal constraints, we obtain

inf c(xy)dyxy)=  sup ([ edu+ [ pdv)
yellpr) IS TR PO
gwel (W=l (v}
plxl+uly)cezy

Here L** is the Orlicz space associated to @*.

Step 3: Equality and regularity. Under the assumptions
that @ is lower semicontinuous and strictly convex and
that ¢ is continuous and finite, the supremum is attained

and the duality holds with equality. The maximizing
{@. 1) are P*-integrable and satisfy
P(x) + () = e(xy)y - ae.

This is the desired dual representation of W,

for any optimal y.

Example 2 (Dual potentials for ®(z) = £ p > 1). Here

7

$*(s) = :? where q is the conjugate exponent (1/p + 1/q =

1). The Kantorovich dual formulation reduces to

w(wv) = sup{f dp + [ yav: ¢(x) +v(y) = dxy)?} -

oy

and v = 6, on R, an optimal choice is

If n =6
e(x) = —|x — al” andP(y) =
lal®, giving 11"_1;-':'5:"55) = |ﬂ|

Theorem 5 (Topological Properties of P (X)). Ler X be
a separable metric space and ® a convex, increasing Young
Sunction satisfying the A -condition. Then:
(i) P (X) is a complete and separable metric space under
W,
(ii) Convergence in W, implies convergence in distribution.
Proof. We begin by recalling the Orlicz-Wasserstein distance
associated with a Young function ®:

Wy(uv) =inf{i>0: 3r e M) st f .;,("'E-"-‘f’] dn(xy) = 1} »

where [1{j. v} is the set of couplings of # and v, and 4 is
the metric on X. Under the assumptions:

1. Xis separable and metric.

2. @ is convex, increasing, and satisfies the A -condition
(ensuring the associated Orlicz space L is reflexive
and separable).

(i) Completeness and separability. Separabilicy of
(P, (X). W, follows from:

The separability of X implies separability of P (X) for
every p > 1 under the p-Wasserstein metric.

The A -condition ensures that W, is topologically
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equivalent to some W (see [1, Theorem. 3.1] adapted
to Orlicz growth), hence separability carries over.

For completeness, let () be a W, -Cauchy sequence. By
the definition of W, uniform integrability of # (d(x. x;))
for some x, € X follows:

SL:p f_l_‘i:*(n’ {x.x:)] n’p.n{.r} =&,

This guarantees tightness (by the de la Vallee Poussin
criterion). By Prokhorov’s theorem, (x) is relatively
compact in the topology of weak convergence, so there
exists z# such that p, — p The uniform @®-moment
bound plus weak convergence imply Wi{p,.p) — €
(cf. [8]), hence (#) converges in W,. Thus P4 (X}, W is
complete.

(ii) W,,-convergence = convergence in distribution.
Let #, = pin W, . Then:

W, (p, 1) — 0= {p, is tight and has uniformly bounded
®-moments.

By the tightness criterion, there exists a subsequence

Lower semicontinuity —of W, implies

P — V-
W,(v.p) = liminf W (p,.p) = 0, hence v = g Since
every subsequence has a further subsequence converging

weakly to p, we have “o=

Theorem 6 (Lower Semicontinuity of Orlicz-Entropy
Functionals). Letp. = pin W and letH w= [+ {?) da
denote the Orlicz entropy relative to a reference measure A.
Then:
(i) H, is lower semicontinuous with respect to W, -
convergence.

(it) If ® is strictly convex, H is also strictly convex.

Proof. Let A be a o-finite reference measure on X and define
the Orlicz entropy functional:

du
[ye($)drp=a,

H (W=
+o2, optherwise

We assume @ is convex, increasing, and satisfies the

A,-condition.

i Lower semicontinuity. Let # — # in W,. Then

u#,— pand the family {dp, /dA} is uniformly integrable in

L*(}) (by the ®-moment bound).
The map u — [ @(u)di is

semicontinuous on L*(A) under the weak topology of

convex and lower

L? (ct. [10, Prop. 2.2.6]). Since W, -convergence implies
weak convergence in L®(A) for densities, we have:

Hy(w) < liminfH, H(u,)

(ii) Strict convexity. If @ is strictly convex, then the

map u — f #(u)dd is strictly convex on L*(A). If p/=

, are absolutely continuous w. 7.t . A with densities f;, f;
then for ¢ € (0,1):

H, () + % (o, +o£,) a1 <H, (o) + (1~ 9F, (an)
where the inequality is strict because f = f on a set of
positive A-measure. Thus, A is strictly convex.

Theorem 7 (Wasserstein-Orlicz ~ Stability  Under
Perturbations). Let {u} < P (X) and let @ satisfy the
A, -condition. Then:

() If u,— uin W, then any ®-bounded functional
F: P (X) > Ris continuous at y. (We note that this
notion of ®-boundedness is sufficient for continuity, but
weaker conditions may suffice in specific applications.)

(ii) Small perturbations of ® induce uniformly small
changes in the Wasserstein Orlicz metric.

Proof- We prove parts (i) and (ii) separately.

(i) Continuity of ®-bounded functionals. Let F :
P, (X) = R be ® bounded, meaning that there exists M >
0 such that

IF(v)] = M whenever [, ®(d(x.x,))dv(x) = C

for some x, € Xand fixed C > 0. Assume 2 = in W,. By
definition of the
W,, metric, this convergence implies:

lim W (i) = 0

which, in turn, ensures (see e.g. [3]) that:
1. u,— p weakly;
2. {u } is uniformly ®-integrable, i.e.

st.:p J’_TCI:*(n’ (_r..r:n dp.n{.r} = 00

The A -condition on @ guarantees that ®-integrability is
stable under uniform bounds and weak convergence (see
[10]). Since F is ®-bounded, the uniform ®-integrability
bound ensures {F(x )} is uniformly bounded. Furthermore,
the weak convergence p, — p and boundedness imply
continuity of F at u by the dominated convergence
principle adapted to Orlicz spaces (cf. [3, Prop. 3.2]).
Therefore:

lim £ (i, ) = F(0 -

(ii) Stability under perturbations of ®. Let #,¢ be
two Young functions satisfying the A -condition and such
that

up 2 =20
0 1—#(t) ~
for some small € > 0. Let W and W, " be the corresponding

Wasserstein-Orlicz metrics. For any coupling 7 between
wv € P (X), we have:
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[ i@ yNdn(zy) = (1 + &f 4y P (d(xy))dn(x y) + &
XxX XxX

Taking infima over all couplings and using the definition
of W, we deduce:

Wo(wv) — Wipv)| = Ce

for some constant Cdepending on the uniform ®-moment
bound of z and v. Thus, small perturbations in @ yield
uniformly small perturbations in the W, metric.

Theorem 8 (Compactness in Wasserstein-Orlicz Space).
Let ® be a super linear Young function and K C P (X). Then
the set K is relatively compact in the W-topology if:

ne K: f P(d(x.x))du(x) = C} for some x, €
X and constant C > 0;

)

(ii) K is tight in the weak topology.
Proof of Theorem 8. Let @ be a super linear Young function,

1.€.

Let K © P (X) satisfy (i) and (ii) in the theorem.
Step 1: Uniform ®-moment bound. From condition (i)
there exists C > 0 and x, € X'such that

sup [, #(d(x x,))dp(x) = C .

LeK

This ensures that K is uniformly ®-integrable. By the
A -condition (which follows for super linear @), this also
implies uniform integrability in any smaller Orlicz space
corresponding to a Young function ¥ < .

Step 2: Tightness in the weak topology. By assumption
(ii), K is tight. By Prokhorov’s theorem, tightness implies
that K is relatively compact in the weak topology of P(X).
Step 3: Upgrade weak convergence to W, convergence.
Let (2 ) € K'be a sequence converging weakly to some x €
P(X). We claim that z € P (X) and # = uin W,

Indeed,
convergence imply (by [3, Theorem. 3.1]) that

uniform ®-moment bounds and weak

Lim [, (d (.r._r:)) du (x) = [, #(d(x x,)du)

hence # € P (X).
The equivalence between weak convergence plus
convergence of @®-moments and W, -convergence

holds under the A -condition on @ (see [3, Prop. 3.2]).
This condition ensures that the Orlicz norm topology

is compatible with weak convergence on uniformly
®-integrable families.

Step 4: Conclusion. Since every sequence in K hasa W, -
convergent subsequence, K'is relatively compact in the W,

topology.

Theorem 9 (Convexity of Optimal Transport Paths). Lez

@ be strictly convex and differentiable, and let (p. ).z, be
the W, -geodesic between py. py € P4 (X). Then:

(i) The map t = [, flx)dut(x)
convex € L®(X).

(ii) The entropy functional u — H,(u) is displacement

is convex fb?’ every

convex along W, geodesics.
Proof. Let (W )reppy; bea W -geodesic between g and p,.
By definition of a Wasserstein-Orlicz geodesic, there exists
an optimal coupling m € 1":_?[ {1y 11y} and a measurable
mapy: X x X % [0.1] —= X such that:
e = (¥ lem
where v, (x. ¥} denotes the constant-speed W, -geodesic
between x and y.
0] Convexity for convex integrands. Let /€ L?(X)
be convex. For zalmost every (x.¥) € X ® X, the curve
is a geodesic in X. By convexity of fin X:
fly,(ey)) = (1 = 8f(x) + tf(y).

t =y (xy)

t € [0,1].
Integrating with respect to 7 and using the pushforward

relationp; = (¥, )¢m we obtain:

[ oF(an(@) = S pent (v.e5) ) ane)
= (1= S of(Dauy + £ [ () an,

This proves convexity of the map t — i 5 fdu, .
(i) Displacement convexity of entropy. The entropy
functional in the Orlicz setting is defined by:

>

a _@
M0 = [J’J‘,@(\ﬁ) dhp < dx p=3,

42, otherwise

Let g, denote the density of % with respect to the reference
measure dx. By the continuity equation and the Benamou-
Brenier formulation of W, the evolution

(p,) satisfies:

B + V- (pv) =0
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where v, is the optimal velocity field. Unlike the
classical 77 case, the Benamou Brenier formulation for
W, requires careful justification. However, for strictly
convex @ satisfying the A -condition, the functional
p— | v P(p)dx is convex. Following the standard
argument in [11] (Chapter 17), displacement convexity
follows from the convexity of @ and the fact that W,-
geodesics are obtained as pushforwards of optimal
couplings. More concretely, for any W, -geodesic x# with
optimal coupling 7, we have u, = (7)p, where T (x)
= v.(x.¥) is a displacement interpolation. Then by

convexity of ® and Jensen’s inequality:

i1 Jru,
( dx

[ep)de= [ Jdx = (L-t) [ ®(py) dx + [ 2(p) dx >
provided the appropriate change-of-variables formula
holds. This yields the desired displacement convexity:

H (ut) £ (1 — H,(u0) + tH(ul).

Theorem 10 (Application to Heavy-Tailed Stochastic
Models). Ler @ be a regularly varying function at infinity
and X a probability space supporting a heavy-tailed stochastic
process (X} Then:

(i) The law of X, belongs to P (X) even if X, & I for
any p > 0.

(ii) The Wasserstein-Orlicz metric provides finite transport
distances between distributions of heavy-tailed processes
where classical W _fails.

Proof. Let @ be regularly varying at infinity with index a
>0, ie.,

D dx
lim 40 _ Fva=o0
rom B(x)

(i) Membership in P_(X). Suppose {X;} is a heavy-
tailed process such that E[£(]X,]}] = oo for all p >
0. By regular variation, there exists f > 0 such that
®(x) = ofx ) asx— oo forall p > a. If the tail of X,

decays like x?with y > a, then:
Ele(|x)] = £ ewdr, (R <,
even though E [¢(|X{ D] = oo for allp > 0. Thus Law (

X,) € P,(X).
(ii) Finite W, where \foails. Recall that:

W, (wv) = inf{il =0: inf
relipwy)

[ qb(@j drlxy) < 1}

If v are heavy-tailed with finite ®-moment but infinite
p-moment for every p > 0, then the W distance is +oo
(since it requires finite p-moment), whereas W, (%v) <
oo because the cost functional only demands integrability
with respect to ®@. Hence W, is well-suited for comparing

heavy-tailed laws.

Concrete Example: Consider Pareto distributions with
CDF Flx) =1 - (x /x)'forx = x = 0, where y > 0 is
the tail index. For # = Pareto(x ,y) and ®(#) = log(1+2)
(which grows slower than any power), we have E[®D(|X])]
< oo when y > 1. However, E[|X|p] = @ forall p>y.In
this case, W, (. Gy) is finite, while W (&) = oo for p >
y. This illustrates the practical utility of the Wasserstein-
Orlicz framework.

CONCLUSION
Summary of Contributions

This work has established a comprehensive framework
for Wasserstein-Orlicz geometry, with three fundamental
advances:

Theorem 3 resolves the
existence and uniqueness problem for geodesics in
(Ps(X). W) extending the classical ¥ theory of [1]

to general Young functions. Our results show that

e Geodesic Structure:

strict convexity of @ plays an analogous role to p > 1
in the power case.

¢ Dual Theory: The duality framework in Theorem
4 provides the first systematic treatment of
Kantorovich duality for Orlicz costs, complementing
recent advances in weak transport [4]. The explicit
connection  with  Orlicz-Legendre  transforms
(Example 2) bridges convex analysis and optimal

transport.

Theorem 10
demonstrates that Wasserstein Orlicz metrics remain
effective for distributions beyond Pp(X)’ addressing
limitations noted in [6] for statistical applications.

e Heavy-Tailed Applications:

Theoretical Implications

Our results reveal several fundamental insights:

e The A -condition (Definition 1) emerges as the
critical threshold for good topological properties,
mirroring its role in Orlicz space theory [10] but
with new probabilistic interpretations.

(Theorem 9) holds
for general Orlicz entropies, suggesting unified

e Displacement convexity

approaches to functional inequalities beyond the 27
setting [11].

e The stability results (Theorems 7-8) show that
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Wasserstein-Orlicz metrics are robust to both measure
perturbations (i) and cost function deformations (ii),
crucial for data science applications [9].

Open Problems and Future Work
Sinkhorn-

type algorithms converge for W, when ® grows

¢ Numerical Computation: Can

exponentially (e.g., ®(z) = ¢*-1)? Preliminary work
suggests regularization via [5] may fail.

e Infinite Dimensions: Does W, metrize weak
convergence on P(C[0.1]) for path-valued processes?

This would extend [8].

e Statistical Limits: What are the minimax estimation
rates for W, between empirical measures of heavy-
tailed data? Known results for ‘Vﬁ (6] likely break
down.

e Breaking A: Our theory requires ®(2¢) < CP(z).

Can this be relaxed for slowly varying @ (e.g., ®(2)
— elogl+€(1+z))?

Limitations

While W, resolves moment restrictions, challenges remain:

e Topology: W, may not metrize weak convergence if

® grows too slowly (e.g., () = log(1l + £)).

e Computation: No known polynomial-time
algorithms exist for W, with general @, unlike W)’s
linear programming.

e Curse of Dimensionality: Rates for empirical
W,, estimation likely worsen in high dimensions,

analogous to W/p [9].

Remark 1. 7he Wasserstein-Orlicz framework developed here
provides a versatile toolkit for analysing probability measures
across the full spectrum of tail behaviours. By unifying optimal
transport with Orlicz space theory, we open new possibilities
Jor both theoretical analysis and practical applications in dara
science and stochastic modelling.
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